In this paper we recast the semiclassical-quantum correspondence and rewrite the quantum constraints for Einstein's general relativity coupled to matter fields in terms of new variables attributed to Chopin Soo and Lay Nam Chang, called the Chang-Soo variables. It is found that these variables are naturally adapted to the generalized Kodama states for an ordering of momenta to the right of the configuration variables, just as the Ashtekar variables are best suited for the opposite ordering. We show that the processes of quantization and expansion about DeSitter spacetime commute for these new variables, in which we derive the instanton representation of the generalized Kodama state as well as exhibit some interesting relations to works by other authors on the metric-free description of gravity.
Introduction
The main purpose of this article is three-fold. First, we would like to recast the developments of [1] , which outline a new method for constructing generalized Kodama states by way of the semiclassical-quantum correspondence, in terms of a new set of variables identified by Lay Nam Chang and Chopin Soo in [2] , and alluded to by Soo and Smolin in [3] . Secondly, we will highlight the relationship of the Chang-Soo variables to works by other authors which write the classical action for general relativity purely in terms of connection variables. Third, we lay the foundation for reformulating the matter contributions to the constraints for specific matter fields, with a view to the practical application of the techniques of [4] , which outlines an algorithm to solve the quantum constraints, in these new variables.
In [5] Richard Capovilla, Ted Jacobsen and John Dell derived a metricfree action for vacuum general relativity in Ashtekar variables which is classically equivalent to the Ashtekar action in its Hamiltonian formulation. The action can be written in the form
where Ω ∼ Ω ij = ǫ αβγδ F i αβ F j γδ for SU (2) indices i,j and η is a Lagrange multiplier. In a separate work [6] , Peter Peldan expresses the action in terms of the same composite quantity Ω ij and postulated a general action of the form L = f η, trΩ, trΩ 2 , trΩ 3 . Other works by authors such as [7] , [8] , [9] followed a similar line of development. The main idea of these works is the use of an auxilliary variable Ψ ae to enforce metricity of the theory, and then to eliminate to the extent possible all occurences of structures related to the metric by their classical equations of motion.
We regard the composite quantities Ω ij with interest in the present work for their use as configuration space variables in constructing the generalized Kodama states Ψ GKod . One immediate observation regarding Ω ij is that the trace on ij indices leads to the topological F ∧ F four-form for a general gauge connection. This term, the 'instanton' term, is the total derivative of the corresponding Chern-Simons three-form A ∧ dA + 2 3 A ∧ A ∧ A which constitutes the 'phase' of the pure Kodama state Ψ Kod .
In [1] we generalize Ψ Kod to incorporate the presence of matter fields quantized with gravity on the same footing, using the CDJ matrix Ψ ae not as an auxilliary variable but rather as a means to incorporate the matter degrees of freedom while eliminating the ultraviolet singularities of the quantized theory. One of the results of [1] was the instanton representation of the generalized Kodama state Ψ GKod , with is a four-dimensional form of the state containing the same quantity Ω ae = F a ∧ F e . The three dimensional form of Ψ GKod forms the wavefunction of the universe, a boundary term on spacetime resulting from the solution to the quantum constraints. We would like to utilize the three dimensional form of Ω ae in the construction of the generalized Kodama states since they appear naturally suited for this purpose, which leads to the topic of the Chang-Soo variables.
The variables X ae were introduced by Chang and Soo in [2] in the form of differential forms δX ae = B i e δA a i on connection superspace. These variables X ae form a natural set of coordinates for encoding the gauge invariances of the theory when there is pure gravity devoid of matter fields. It was shown that only two directions, not including a 'time' direction corresponding to the imaginary part of the Chern-Simons functional, are physical in this case. The physical directions were correlated by Soo and Chang to gravitons in the perturbative regime. One of the attributes of the Chang-Soo variables for finite states of quantum gravity is that the nonlinear effects of general relativity can be studied to all orders, owing to the polynomial nature of the constraints in these variables. When superspace is parametrized by the Ashtekar potentials, there exists a supermetric G iajb such that
where the local coordinates X a b are defined by [2] δX a b ≡ B ia δA ib , with δX
According to Soo and Chang, the existence of the supermetric (2) allows a local decomposition of the cotangent space into gauge (unphysical) directions and their orthogonal (physical) complement. One result of [2] is that the antisymmetric part of δX a e vanishes by the diffeomorphism constraint, leaving six degrees of freedom of which the trace δX functions as a kind of time variable.
It is our purpose in the present work to adapt the results and the formalism of [1] which incorporate matter fields quantized on the same footing as gravity into the 'coordinates' X ae so that we can express the generalized Kodama states in these variables. Since these states satisfy the semiclassicalquantum correspondence by construction, it would be interesting as a direction of future research to compare the instanton representations with the metric free classical Lagranians of Peldan, CDJ, Krasnov, Bengtsson, et. al. which incorporate matter fields on the classical level. The immediate directions of research with regard to the Soo variables are to refine in parallel the developments in Ashtekar variables stemming from [1] . Let us make a note on conventions. The convention for the gravitational configuration space variables A a i in this paper is that lowercase Latin letters form the beginning of the alphabet a, b, c, ... are left-handed SU (2) − indices and lowercase Latin letters from the middle of the alphabet i, j, k, ... are spatial indices. Greek indices α, β, γ, ... signify matter fields φ α and uppercase Latin indices A, B, C, ... signify SU (N ) indices for Yang-Mills gauge fields A A i . 1 All fields are defined with respect to a particular spatial hypersurface Σ in the spacetime manifold M = Σ ⊗ R. It will be convenient to visualize the gravitational and matter configuration variables at each spatial point in Σ as comprising the base space Γ of a fibre bundle. Then various directions in this base space correspond to functional vector fields, the integral curves of which label convenient variables in which to express the wavefunction of the universe.
from the canonical structure of (4), of the set of momenta canonically conjugate to the Chang-Soo coordinates X ae at the level prior to implementation of the constraints on the SU (2) − ⊗SU (2) − -valued phase space. The classical constraints in these variables would read
for the classical Gauss' law contraint, where Q a is the matter SU (2) − charge
for the classical diffeomorphism constraint where T 0i is the matter contribution to the local three-momentum, and
for the classical Hamiltonian constraint, where Ω is the matter contribution. As a consistency condition on the quantization procedure in the presence of matter fields there is also a mixed partials condition [1] , which in the Chang-Soo variables would be given by
which can be viewed on the same footing as the constraints themselves.
3 Expansion of the classical constraints relative to the pure Kodama state
In [1] , [4] the constraints were formulated in the Ashtekar variables by quantization prior to expansion about the pure Kodama state Ψ Kod , for an operator ordering of the momenta to the left of the coordinates. In the present work we will address fluctuations about the pure Kodama state, but from the vantage point of expansion prior to quantization. We now expand the CDJ matrix relative to the pure Kodama state via the Ansatz
The CDJ deviation matrix ǫ ae can be interpreted as the conjugate momentum corresponding to fluctuations about DeSitter spacetime, which are suppressed by the cosmological constant Λ [4] . This seems analogous to the expansion in metric relativity for gravitons about Minkowski spacetime suppressed by √ G, except that the corresponding expansion of the equations to be solved terminates at cubic order due to the polynomial nature of the Ashtekar variables. In the metric variables the expansion is of infinite order, the quantized fluctuations of which lead to a perturbatively nonrenormalizable quantum theory. In this sense, the isotropic SU (2) ⊗ SU (2) matrix δ ae serves as the metric analogue of Minkowski spacetime in Ashtekar variables with Λ term, namely DeSitter spacetime. 4 By taking the trace of the new configuration space variables one obtains the Chern-Simons functional
where L CS is the Chern-Simons Lagrangian with corresponding action given by
When one expands the constraints relative to the pure Kodama state, one finds that the contribution to the CDJ matrix due to the pure Kodama state −6Λ −1 δ ab drops out for the constraints linear in Ψ ae . Hence from (5),
Treated as a SU (2) ⊗ SU(2)-valued tensor, the homogeneous and isotropic part of the CDJ matrix is annihilated by the covariant derivative [1] , leaving
Likewise, for the diffeomorphism constraint (6) the pure Kodama contribution cancels out due to antisymmetry.
This leads to 4 There are arguments to support the case for a renormalizable description of gravity relative to DeSitter spacetime.
where τ 0d is the time-space part of the energy momentum of matter with a weight |B| of −1, projected into SU (2). For the Hamiltonian constraint, an imprint of the pure Kodama state remains upon expansion due to the nonlinearity of the contraint. Our interpretation of this imprint is the presence of a natural DeSitter background which couples to any matter fields of the theory. Classically, the gravitational contribution to the Hamiltonian constraint comprises the invariants of the CDJ matrix. These include the trace given by trΨ = − 18 Λ + trǫ and the variance, given by
and the deteminant given by
So the gravitational contribution to the Hamiltonian constraint reads, combining (16) and (17) into the right hand side of (7),
Inclusion of the matter contribution leads to
The interpretation of (19) is that the matter contribution to the Hamiltonian constraint drives quantum statistical fluctuations from the pure Kodama state distributed within the invariants of ǫ ae . 5 In this sense the pure Kodama state serves as a sort of ground state for these fluctuations, which are suppressed by the dimensionless constant GΛ.
At the classical level, the constraints (not including the mixed partials condition) can be written as a system of seven equations in nine unknowns
This leaves two elements of ǫ ae freely specifiable at the classical level, which translates into a two-parameter ambiguity in the solution at the semiclassical level of the reduced phase space, insufficient to construct a quantum wavefunction.
Quantization of the constraints in Chang-Soo variables
As shown in [1] , the quantization process serves to eliminate the two-parameter ambiguity at the classical level of the constraint, leading by way of the semiclassical-quantum correspondence to a quantum solution. According to Horowitz [11] , operator ordering is immaterial for constraints linear in momenta, which in our case include the kinematic constraints. However, for the Hamiltonian constraint, operator ordering ambiguities arise due to nonlinearity in the momenta. When the quantum Hamiltonian constraint is solved in terms of connection variables there is a unique state, the pure Kodama state Ψ Kod which arises for an operator ordering with the gravitational momenta to the left of the gravitational configuration variables.
The state is unique in the sense that it is a quantum and a semiclassical solution to the constraints to all orders. Equation (21) leads directly to the pure Kodama state, given by
Although this ordering prescription leads to Ψ Kod in the absence of matter fields, the possibility exists that the inclusion of matter fields may introduce additional contributions to the orders of singularity of the constraints, due to singular terms arising from the action of the momenta on the coordinates for this ordering. To be consistent with the ordering prescription, the matter contributions should as well be ordered with the gravitational momentum variables to the left of their configuration space counterparts when deriving the generalized Kodama states Ψ GKod . In this section we will examine the ramifications of quantization in Chang-Soo variables for the associated proper operator ordering for the gravitational variables occuring in the matter contributions to the constraints. The logic is first to quantize the uncoupled theory, establishing the ordering prescription necessary to construct the pure Kodama state Ψ Kod in these variables, then maintain the continuity of the ordering prescription by extending it to the quantization of the matter fields.
Recall that in this paper we perform a quantization only after expansion about Ψ Kod . 6 Using the interpretation that the variables ǫ ae are canonically conjugate to X ae one can read off the equal-time commutation relations for the gravitational variables,
Equation (23) in the Schrödinger representation is given bŷ
The quantized kinematic constraints read
Since the kinematic constraints satisfy the SQC [1] then (25) should be equivalent to their classical versions (13) , (15) .
The Hamiltonian constraint is nonlinear in momenta, therefore should generate singular quantum gravitational terms which break the semiclassicalquantum correspondence. A main result of [1] is to restore the SQC by requiring these singular terms to vanish, which we carry out in the present paper in the X ae variables. Let us now quantize the ingredients of the quantum Hamiltonian constraint, applying (24). For any quadratic terms we obtain
Acting a third time to bring in the cubic term, we obtain
We are now ready to contract with double espilon tensors. First we shall define the functional Laplacian operator
and the functional quadratic divergence operator,
Note that (29) is antisymmetric in ab and antisymmetric in ef . Taking the trace of (29),
which projects onto the traceless components of ǫ ae . 7 By invoking symmetries due to index shuffling, it can be shown that
It follows from quantization of (19) that
The requirement that the SQC remain unbroken is that the coefficients of the δ (3) (0) and (δ (3) (0)) 2 singularities in (32), including any matter field contributions, must vanish. This introduces two additional conditions relative to the classical version of the constraints (20), which should eliminate the two-parameter ambiguity in ǫ ae to yield a unique solution at the quantum level. For pure gravity with no matter fields present, this means that ǫ ae = 0 ∀a, e is the unique solution, corresponding to the pure Kodama state Ψ Kod . For Ω = 0 it similarly is expected for ǫ ae to converge to the matter-dependent CDJ deviation matrix elements for Ψ GKod . The Chang-Soo X ae variables make more intuitive the direct route to the pure Kodama state Ψ Kod . One may associate these variables to a natural operator ordering of momenta to the right of the coordinates. Evaluation of the quantum Hamiltonian constraint yields
which leads for nondegenerate B i a to a nontrivial solution
where X = trX ae is the trace, identified in [2] as a natural time variable in quantum gravity in the absence of a cosmological constant. The semiclassical orbits of the pure Kodama state correspond to DeSitter spacetime [12] , [14] .
Matter contributions to the constraints
Note that the pure Kodama state Ψ Kod in the Chang-Soo variables is the natural state for which the processes of quantization and expansion commute. There is good reason to believe that in the presence of matter fields, the correct sequence is as well to expand about Ψ Kod prior to quantization. Hence, we propose a the following prescription for the matter terms when quantizing in CDJ variables. (i) Apply the CDJ Ansatz at the classical level and then expand it about the pure Kodama state.
(ii) Transfer all CDJ deviation matrices ǫ ae to the right of the configuration variables for all terms in the constraints. 8 (iii) With the momenta to the right of the coordinates, apply the quantization procedure. It is expected that fewer singular terms will arise due to this natural ordering, which should simplify the computation of the generalized Kodama states in these variables. The most general form of the matter contribution is given by
For Hamiltonians quadratic in momenta general form of (35) is given by 9
Multiplication the individual matter contributions by GΛ/12|B| on the left of the momenta yields
The general form of (37), based on an operator ordering for the matter contribution to the right of the coordinates (not counting the |B| term in the denominator, responsible for the tilded quantities) is that the left hand side is a linear transformation of the linear term ǫ ae . The right hand side consists of an inhomogeneous term, which acts as the driving input due to the matter model, plus correction terms which are in general quadratic and cubic in ǫ ae . For a different operator ordering, a slightly modified set of equations would result highlighting the ambiguity in the solution based on operator-ordering ambiguity. To determine the generalized Kodama state, one must correlate the state to a specific operator ordering prescription.
Physical interpretation of the Chang-Soo variables
A recuring quantity in formulations of general relativity without the metric [5] , [6] is the matrix Ω ae = ǫ µνρσ F a µν F e ρσ , whose invariants form the basic building blocks of the classical action. This matrix also occurs in [1] in the instanton representation of the generalized Kodama state Ψ GKod as
Let us expand the gravitational portion with respect to a spatial hypersurface Σ. Starting with the uncontracted form of the composite four dimensional quantity Ω ae ,
Contracting with the CDJ matrix Ψ ae leads to
where we have integrated by parts. We now invoke the definition of the SU (2) covariant derivative acting on one and two-indexed objects
for structure constants f abc . Substituting (41) into (40), we have
Making use of the Bianchi identity D i B i e = 0 and the definition C ae = A a i B i e , 10 we have
we now show that the terms in brackets cancel out. Starting with the middle two terms,
upon relabelling f → e. Moving on to the first and the last term,
Hence the gravitational portion is given by
The matter contribution given, decomposing the covariant derivative, as
incorporating a factor of G into the matter portion, we can write (38) as
Making use of the Gauss' law constraint, the terms in the brackets multiplying A a 0 vanish. We also have, by the definition of the velocity of the Chang-Soo variables, that B i eȦ a i =Ẋ ae , yielding
Hence we have thatẊ ae ∼ Ω ae modulo matter-dependent terms and subject to the Gauss' law constraint being satisfied, with equality when there are no matter fields present. 11 So we see that the instanton representation corresponds to the implementation of the Gauss' law constraint at the canonical level of an arbitraty SU (2) Yang-Mills theory, with the Chang-Soo variables adapted to the canonical structure of the theory.
As an aside, the CDJ action (1) by elimination of Ω ae in favor of the Chang-Soo variables can be written as
which has the interpretation of the action of a free point particle of mass η. The quantization of the point particle should lead exctly to the free Klein-Gordon equation on superspace, derived in [2] in the linearized approximation.
11 In this case the Gauss' law constraint vanishes due to the Bianchi identity
The trace X of the Chang-Soo variables X ae has the usual interpretation of the Chern-Simons function for gravity L CS = Ω 11 + Ω 22 + Ω 33 . In [3] it was determined that the antisymmetric part of X ae should vanish in the absence of matter fields. We derive the following relation when matter fields are present. Extracting the antisymmetric part of (49), we have
which suggests a relation for the antisymmetric part X [ae] in terms of the shift vector N i , a gauge degree of freedom. The Gauss' law constraint can be incorporated into (49), the solution is given by [13] (
where G 1 , G 2 and G 3 are Gauss' law matrix operators and ǫ (e) correpsond to the off-diagonal symmetric (shear) CDJ deviation matrix elements, with ǫ [e] being the antisymmetric (rotation) and ǫ e the diagonal (anisotropy) elements. Upon substitution into (49) the instanton representation of Ψ GKod can further be reduced to its diagonal components, which require just the solution of the quantum Hamiltonian constraint (37) to eliminate. 12 The result then is given, not taking into account the mixed partials condition, by
Imposition of the quantum Hamiltonian constraint in conjunction with the mixed partials condition should eliminate the remaining degrees of freedom in the diagonal elements ǫ f leading to Ψ GKod as a boundary term on the final spatial hypersurface Σ of spacetime [1] . By the same arguments as in section 7 of this work applied to Chang-Soo variables, the generalized Kodama state should arise from the vanishing of the symplectic two-form
upon solution of all of the constraints, which means that the corresponding symplectic one-form is integrable to the 'phase' of the generalized Kodama state
where the inner integration Γ X and Γ φ occurs in the direction of the functional space of fields (X ae , φ α ) at fixed spatial position x. The generalized Kodama state then is given by Ψ GKod = e λ GKod .
Expansion in terms of connection variables
In solving the constraints of general relativity, it will be convenient to have an explicit expression for the Chang-S00 variables X ae in terms of the connection variables A a i . The defining relation is given by
Let us starting with the most general Ansatz consistent with (56), as in
where the quantities (M i 1 ...in a 1 ...an ) ef are independent of the A a i , and also are totally symmetric in each pair of upper and lower indices. Taking the variation of (57) we have
equating coefficients of both sides, we have
Staring with the quadratic contribution we have, upon reshuffling indices,
The relation (60) is satisfied for
Moving on to the cubic term, we have
which leads to the relation
Substituting back into the Ansatz, we have
Relation to SU(2) invariants
We will now attempt to relate the Chang-Soo variables to another quantity of interest which occurs in the constraints, namely the determinant of the Ashtekar curvature detB. Let first us recall the definition of the Chang-Soo coordinates X ae which define the corresponding functional one-forms are given by δX ae = B i e δA a i , and then evaluate some derivatives with respect to X ae . It will be convenient to have handy a few identities.
This is an interesting relationship between the CDJ variable X ae and the matrix C ae , defined as C ae = A a i B i e , which appears as the connection for the SU (2) − covariant derivative in the Gauss' law constraint [13] . Functionally integrating (65) we have
where F is an arbitrary functional independent of X ae . Evaluating another derivative,
We see that the second terms of (67), which are antisymmetric in the indices, constitute an obstruction to expressing X ae directly in terms of C ae , but that there is at least some kind of a transformation between the two quantities.
For b = e we have that
∂X ab = δ af . Also, in the limit C ae → ∞ the variables terms on parentheses vanish, and the two variables X ae and C ae can be identified.
Discussion
We have rewritten the constraints of general relativity in terms of a new set of variables named after Chopin Soo and Lay Nam Chang. These variables can be thought of as a kind of three dimensional version of the four dimensional matrix Ω ae = F a ∧ F e , which naturally occurs as a composite variable in metric-free descriptions of gravity. A metric-free description is an essential ingredient in the quantization of gravity, since its exponentiated action can be associated to a wavefunction in the Schrödinger representation. Whether this wavefunction stems from the quantization procedure is a different matter which each metric-free description must address. 13 In the case of the generalized Kodama states, the equivalence of the classical to the quantum state stems directly from the SQC. For these states, the natural operator ordering of the quantum theory is for momenta to the right of the coordinates in Chang-Soo variables, whereas the opposite is the case in the Ashtekar momentum variables. One main benefit of the Chang-Soo variables is the reduction in the number of singular terms contributing to the constraint, which we will demonstrate in [17] . We have also obtained a physical interpretation of the instanton representation for the generalized Kodama states in the Chang-Soo variables, as well as the relation of these variables to other quantities of interest. In the next paper we will expand the matter contribution to the constraints, creating a library of terms for future reference in the construction of generalized Kodama states. In appendix A we expand out the functional divergence and the functional Laplacian operators in the Chang-Soo variables, for later use in the explicit solution of the constraints for the generalized Kodama states.
Appendix A: Components of the functional divergence and functional Laplacian operator in Chang-Soo variables
One benefit of the CDJ variables X ae over the Ashtekar variables A a i is that the partial derivatives with respect to the former commute, whereas in the latter ther exist additional terms in the constraint operators due to the existence of curvatures on superspace. We use the following shorthand notation for derivatives with respect to the configuration space variables
The quadratic functional divergence operator ∂ aebf , is given by
It is intuitive to write the quadratic functional divergence in terms of its action on quadratic CDJ matrix elements.
The linear functional divergence operator ∇ ae is the trace of the quadratic functional divergence operator on the first two or last two indices, and is given by
The individual components are given by
We must now compute the components of the functional Laplacian ∆ ae . The advantage of the CDJ variables can be seen from the simplicity of these terms. The general expression is given by
We will compute a few terms and note that the remaining terms can be obtained by cyclic permutation of indices. There are essentially two types of terms, namely of the form ∆ 21 and ∆ 11 , with all cyclic permutations of the indices. Starting with ∆ 21 , It will be convenient to use the following shorthand notation for these operators
Observe that (79) closely resembles minisuperspace, but is in actuality corresponds to the full theory in CDJ variables.
Appendix B: Expansion of the determinant of the Ashtekar curvature
Let us now examine a potential relationship between C ae and the 'coordinates' X ae by fully expanding out the determinant of the magnetic field B i a . But first, note that one can write the irreducible decomposition of X ae in terms of its antisymmetric (rotation)parts, X [ae] =, the off-diagonal symmetric (shear) parts, (X (ae) for a = e), and the diagonal (anisotropy) parts (X 11 , X 22 , X 33 ). Let us now proceed with the computation of |B|. We will need to make use of the identity ǫ ijk A a i ∂ j A e k = C ae − δ ae |A| in what follows. 
Components of C ae
We saw that the C ae matrix came into the manipulations of the instanton representation, however that they cancelled out in the end. It seems that there is some relationship of C ae to the Chang-Soo X ae variables which is transparent to the above manipulations. Let us first explicitly expand this matrix C ae to attach a physical significance to its elements.
C ae = B 
We have made use of the equivalence for the SU (2) − structure constants f abc = ǫ abc . Rewriting the curvature as an abelian part plus a correction,
To further the physical interpretation for the C ae matrix let us expand it into its symmetric and its antisymmetric parts. First we evaluate the symmetric part 
And now, to see one of the significant differences between the full theory and minisuperspace, let us compute the antisymmetric part of C ae .
To evaluate this consider the quantity ǫ ijk A a i ∂ j A e k . Applying integration by parts,
by reshuffling of indices. Subtracting the remainder to the left hand side of (92), we obtain
namely that the antisymmetric part of C ae is a total derivative. Hence in minisuperspace, this term would vanish. To further the interpretation, we can express this in terms of the Ashtekar magnetic field
Taking the divergence of (94), we see that the derivative term drops out due to antisymmetry, leaving
We can now solve for the divergence of the magnetic field by contracting with the structure constants. 
Consider the variational derivative of |b|, the determinant of the abelian part of the curvature, with respect to any of the coordinates X ae . Then we have 
